We prove Cheng's eigenvalue comparison theorems [4] for geodesic balls within the cut locus under weaker geometric hypothesis, Theorems (1.1, 3.1, 3.2) and we also show that there are certain geometric rigidity in case of equality of the eigenvalues. This rigidity becomes isometric rigidity under upper sectional curvature bounds or lower Ricci curvature bounds. We construct examples of smooth metrics showing that our results are true extensions of Chengs theorem. We also construct a family of complete smooth metrics on R n non-isometric to the constant sectional curvature κ metrics of the simply connected space forms M(κ) such that the geodesic balls B R n (r), B M n (κ) (r) have the same first eigenvalue and the geodesic spheres ∂B R n (s) and ∂B M n (κ) (s), 0 < s ≤ r, have the same mean curvatures. In the end we construct examples of Riemannian manifolds M with arbitrary topology with positive fundamental tone λ * > 0 that generalize Veeravalli's examples, [6] . 
Introduction
Let M be a complete n-dimensional Riemannian manifold and denote by B M (p, r) the geodesic ball with center p and radius r and by λ 1 (B M (p, r)) the first Dirichlet eigenvalue of B M (p, r). Cheng in [4] , using a result of Barta [1] , proved that if the sectional curvature of M is bounded above K M ≤ κ and r < min{inj(p), π/ √ κ }, (π/ √ κ = ∞ if κ ≤ 0), then λ 1 (B M (p, r)) ≥ λ 1 (B M(κ) (r)), where M(κ) denote the simply connected space form of constant sectional curvature κ. Cheng also in [4] proved that if the Ricci curvature of M is bounded below Ric M ≥ (n − 1)κ then the reverse inequality λ 1 (B M (p, r)) ≤ λ 1 (B M(κ) (r)) holds for r < inj(p). In [5] , choosing a suitable test function for the Rayleigh quotient, Cheng improved this later inequality proving that if Ric M ≥ (n − 1)κ then λ 1 (B M (p, r)) ≤ λ 1 (B M(κ) (r)) for every r > 0, with equality holding (for some r) if and only if the geodesic balls B M (p, r) and B M(κ) (r) are isometric and r < inj(p). That raises the questions of whether it is possible to prove Cheng's lower eigenvalue inequality beyond the cut locus and show that the geodesic balls are isometric if they have the same first eigenvalue. These questions were addressed in [2] and proven to be true, (under upper sectional curvature bounds), provided that the (n − 1)-Hausdorff measure
is the cut locus of p. In this paper we apply our version of Barta's theorem (Theorem 2.3) to prove an extension of Cheng's lower and upper eigenvalues inequalities for geodesic balls within the cut locus (of its center) without sectional or Ricci curvature bounds. These inequalities have a weaker form of geometric rigidity in the equality case and we show with family of examples that this rigidity is all we can expect for. To state our result, consider B M (p, r) ⊂ M and B M(κ) (r) ⊂ M(κ) geodesic balls within the cut locus and let (t, θ) ∈ (0, r] × S n−1 be geodesic coordinates for B M (p, r) and B M(κ) (r). Let H M (t, θ) and H M(κ) (t, θ) = H M(κ) (t) be respectively the mean curvatures of the distance spheres ∂B M (p, t) and ∂B M(κ) (t) at the point (t, θ) with respect to the unit vector field −∂/∂t. Our first result is the following theorem.
Equality in (1) or (2) holds if and only if
Observe that the hypotheses of Theorem (1.1) are implied by an upper sectional curvature bound K M ≤ κ and a lower Ricci curvature bound Ric M ≥ (n − 1)κ respectively. On the other hand we construct examples of smooth metrics on R n = [0, ∞) × S n−1 such that the radial sectional curvatures is bounded below K(x)(∂t, v) > κ outside a compact set (x ∈ R n \ B R n (1)) but H M (s, θ) ≥ H M(κ) (s), for all s ∈ (0, ∞) and all θ ∈ S n−1 , see example (4.1). This shows that Theorem (1.1) is a true extension of Chengs eigenvalue comparison theorem (within the cut locus). The rigidity in case of equality of the eigenvalues, (H M (s, θ) = H M(κ) (s), ∀ s ∈ (0, r] and ∀ θ ∈ S n−1 ), implies that the balls B M (p, r) and B M(κ) (r) are isometric if we have that
> 0 for t > 0 then the rigidity (even without curvature bounds) also implies that the balls B M (p, r) and B M(κ) (r) are isometric, see Remark (4.2) . This is the case if the the dimension of M is two. On the other hand we also construct a family of complete smooth metrics g(κ) on R n , κ < 0 such that g(κ) is non isometric to the constant sectional curvature metric of M(κ) but the geodesic balls B g(κ) (r), and B M(κ) (r) have the same first eigenvalue λ 1 (B M(κ) (r)) and their geodesic spheres of same radius have the same mean curvatures, see examples(4.3). These examples show that the rigidity stated in Theorem (1.1) in general is all we can expect without curvature bounds. The proof we present for Theorem (1.1) in fact proves more, we have few generalizations in section 3, (see Theorems 3.1, 3.2). We also generalize Veeravalli' s examples [6] , see Theorem (3.3).
Preliminaries
A powerful tool to obtain lower bounds for the first Dirichlet eigenvalue of smooth bounded domains in Riemannian manifolds is the following theorem proved by J. Barta in [1] .
Theorem 2.1 (Barta)
Let Ω ⊂ M be a domain with compact closure and nonempty smooth boundary ∂Ω. Let λ 1 (Ω) be the first Dirichlet eigenvalue of
Remark 2.2 The first observation is that to prove the lower inequality in (2) it is necessary only to have that f > 0 in Ω. A second observation is that each of the inequalities (3) is strict unless f is a first eigenfunction of Ω. This observation although trivial is essencial in the proof of the rigidity statement in Theorem (1.1) and its seems to have passed unobserved by Cheng.
For arbitrary open sets Ω, we proved in [2] the following extension of Barta's Theorem that gives lower bounds for fundamental tone λ * (Ω). Recall that the fundamental tone λ * (Ω) of an open set Ω is given by
where X (Ω) is the set of all vector fields X in Ω such that
If Ω is a relatively compact open set with smooth boundary then
Both results (Barta's Theorem and Theorem (2.3)) coincides in bounded domains with smooth boundaries, but the vector field aspect of this version reveal the role of the mean curvatures of the distance spheres in the comparisons of eigenvalues.
Proof of Theorem 1.1
Let (t, θ) ∈ (0, r]×S n−1 be geodesic coordinates for B M (p, r) and B M(κ) (r) and u : B M(κ) (r) → R be a positive first Dirichlet eigenfunction. It is well known u is radial function, i.e. u(t, θ) = u(t) and u ′ (t) ≤ 0. Observe that u(t, θ) = u(t) also defines a smooth function on B M (p, r). Now, consider vector fields X 1 on B M (p, r) and X 2 on B M(κ) (r) given by
Here
By Theorem (2.1) or (2.3) and by identity (7) we have that
Since B M (r) is a smooth domain we can apply Barta's Theorem and using identity (7) we have that
We will associate the difference div M X 1 − div M(κ) X 2 to the mean curvature of the distance spheres through the following well known lemma.
Lemma 2.4 Let M ֒→ M be a smooth hypersurface. Let X be a smooth vector field on M . Then at x ∈ M we have that
where X t is the orthogonal projection of X onto the tangent space T x M, → H is the mean curvature vector of M at x, ∇ is the Levi-Civita connection of M and η ∈ T x M ⊥ .
Using this lemma we can compute div M X 1 − div M(κ) X 2 at points of B M (r) and of B M(κ) (r) with the same coordinates (t, θ).
Now recall that (−u (8) and (12) implies (1). Likewise, if (H M − H M(κ) ) ≤ 0 then (9) and (12) implies (2) . To treat the equality case observe that the proof we presented was nothing but giving a suitable positive function u on B M (r) then applying Barta's Theorem to find the lower bound for inf
2) says that the infimum (supremum) in (3) is achieved by a positive function f if and only if the function f is an eigenfunction.
) and u ′ (t) = 0 if and only if t = 0. Therefore we have that H M (t, θ) = H M(κ) (t, θ) for all t > 0 and all θ. The equality in (2) is treated in the same way.
Generalizations of Theorem 1.1
The first generalization we are going to consider is the following. Let M be a n-dimensional complete Riemannian manifold and let B M (r) ⊂ M be a geodesic ball within the cut locus.
be a geodesic ball of radius r. Let (t, θ) ∈ (0, r] × S n−1 be geodesic coordinates for B M (r) and (t, ξ) ∈ (0, r] × S m−1 be geodesic coordinates for B R m (r). Let H M (t, θ) and H R m (t, ξ) = H R m (t) be respectively the mean curvatures of the distance spheres ∂B M (t) and ∂B R m (t) at the points (t, θ) and (t, ξ) with respect to the unit vector field −∂/∂t.
Equality in (13) or (14) holds if and only if n = m and H M (s, θ) = H R n (s), ∀ s ∈ (0, r] and θ ∈ S n−1 .
A positive first eigenfunction u of a geodesic ball B R m (r) within the cut locus is radial (u(t, ξ) = u(t)) and u ′ (t) ≤ 0 with u ′ (t) = 0 ⇔ t = 0. See a proof of that in [3] , pages 40-44. Define v : B M (r) → R by v(t, θ) = u(t) and take vector fields X 1 in B M (r) and X 2 in B R m (r) by
Proceeding as in the proof of Theorem (1.1)
Since we have that (div
and divX 2 (t, ξ) = divX 2 (t). Thus we derive that
Likewise, we can derive
Then applying Lemma (2.4) we have that
for all s ∈ (0, r] and θ ∈ S n−1 . Thus by Remark (2.2) the function v is a positive eigenfunction of B M (r) and H M (s, θ) = H R m (s) for all s ≤ r, θ ∈ S n−1 . To prove that m = n we proceed as follows. Let p be the center of the ball B M (r). For fixed θ ∈ S n−1 ⊂ T p M, let τ t denote parallel translation by t units along the unique minimal geodesic γ θ satisfying γ θ (0) = p and γ 
. Moreover for small t we have the Taylor
). See [3] , pages 316-317. Thus,
On the other hand the metric of B R m (r) is given by dt 2 + g 2 (t)dξ 2 , where g(0) = 0, g ′ (0) = 1. The mean curvature H R m (t, ξ) of the geodesic sphere ∂B R m (t) at a point (t, ξ) is given by
. The Taylor expansion of g is given by g(t) = t + g
Now, we have that
Letting t → 0 we have that n = m.
Another generalization of Theorem (1.1) is obtained considering the incomplete cone over an (n − 1)-dimensional compact Riemannian manifold (N, dh 2 ). The incomplete cone C f (N) over N is the Riemannian space C(N) = (0, ∞) × N with metric ds and u = 0 on ∂B M(κ) (r). Since u is radial we have that △ h u(t) = △ g u(t) = −λ 1 (B M(κ) (r))u(t). This shows that u(t) is a first Dirichlet eigenfunction of the geodesic ball B M (r) with same eigenvalue λ 1 (B M(κ) (r)).
